We study the scalar fields of the five-dimensional N = 2 hypermultiplets using the method of symplectic covariance developed in previous work. For static spherically symmetric backgrounds, we show that exactly two possibilities exist. One of them is a Bogomolnyi-Prasad-Sommerfeld (BPS) zero-brane carrying charge under the hypermultiplets. We find an explicitly symplectic solution of the fields in this background and derive the conditions required for a full spacetime understanding.
I Introduction
The study of N = 2 supergravity theories in four as well as five dimensions is a popular enterprise in the literature. It is generally motivated by these theories' possible roles in understanding the string-theoretic origins of entropy, duality symmetries, the AdS/CFT correspondence, as well as the structure of the underlying special holonomy manifolds; in our case a Calabi-Yau (CY) 3- fold. Classifications of solutions and almost solutions (i.e. constructions with constraints) exist in abundance, (for example [1, 2, 3, 4, 5, 6, 7, 8] and references within). It should however be noted that the vast majority of such studies focus on the vector and/or tensor multiplet regimes.
Comparatively, little work is being done on the hypermultiplets sector. This is due, in part, to the mathematical complexity involved, since the hypermultiplets generally parameterize quaternionic manifolds [9] . However, it was pointed out some years ago that due to the so-called c-map, the hypermultiplets in D = 5 for instance can be related to the much better understood D = 4 vector multiplets, and that the methods of special geometry, developed for the latter, can be applied to the former [10] . Based on this observation, some hypermultiplet constructions in instanton and certain two-brane backgrounds were found and studied (last reference and [11, 12] ). Despite this, explicit calculations remain tedious even in the relatively simpler language of special geometry (as compared to the original quaternionic language). We argued in [13] that the well-known symplectic structure of quaternionic and special Kähler manifolds can be used to construct hypermultiplet 'solutions' based on covariance in symplectic space. These are full solutions only in the symplectic sense, written in terms of symplectic basis vectors and invariants. As far as being spacetime solutions however, they are only partial, or almost-solutions, in the sense that they depend on the unknown explicit form of the underlying Calabi-Yau. In fact, we have also argued that the reverse can be true: constraint equations derived from these 'solutions' may eventually lead to an understanding of the submanifold itself. The symplectic structure of special geometry is, of course, a known property and is well understood (e.g. [14] ). Our contribution was simply to use it to recast the theory into a symplectic form that greatly reduces the work needed as well as provide a technique by which to construct solutions. Previously, we have only shown the application of this to results that were already known in the literature, found by the methods of special geometry [10, 11] .
In the current work, we apply the symplectic method to show that, under certain constraints of maximal symmetry (spherically symmetric backgrounds etc), there exist D = 5 BPS zero-brane solutions coupled to the most general form of the N = 2 hypermultiplets. We find some explicit spacetime solutions to the hyperscalars and derive constraints on the complex structure moduli of the underlying Calabi-Yau that may be used in future work for a deeper understanding. The theory has a very rich structure that arises from the intricate topology of M. Of particular interest to us is its symplectic covariance. Particularly, the axions ζ I ,ζ I can be defined as components of the symplectic vector
such that the symplectic scalar product is defined by, for example,
where d is the spacetime exterior derivative
space is defined by the matrix element
where ⋆ is the D = 5 Hodge duality operator, and G ij is a special Kähler metric on M C . The symplectic basis vectors |V , |U i and their complex conjugates are defined by
where K is the Kähler potential on M C , (Z, F ) are the periods of the Calabi-Yau's holomorphic volume form, and
where the derivatives are with respect to the moduli z i , zī . These vectors satisfy the following conditions:
The origin of these identities lies in special Kähler geometry. In our previous work [13] , we derived the following useful formulae:
where
The quantities C ijk are the components of the totally symmetric tensor that appears in the curvature tensor of M C . In this language, the bosonic part of the action is:
The variation of the action yields the following field equations for σ, z i , zī , |Ξ and a respectively:
where d † is the D = 5 adjoint exterior derivative, ∆ is the Laplace-de Rahm operator and Γ i jk is a connection on M C . The full action is symmetric under the following SUSY transformations:
where ψ 1 , ψ 2 are the two gravitini and ξ I 1 , ξ I 2 are the hyperini. The quantity Y is defined by:
where N IJ = Im (∂ I F J ). The e's are the beins of the special Kähler metric G ij , the ǫ's are the fivedimensional N = 2 SUSY spinors and the Γ's are the usual Dirac matrices. Finally, the covariant derivative D is given by
as usual, where the ω's are the spin connections and the hatted indices are frame indices in a flat tangent space.
III Brane analysis
The most general spherically symmetric p-branes in D = 5 can be represented by the following (Poincaré) p+1 × SO (4 − p) metric:
where B and C are constants, the directions a, b = 0, 1, . . . , p define the brane's world-volume while µ, ν = (p + 1), . . . , 4 are those transverse to the brane. The dilaton is assumed purely radial in the µ, ν directions. It turns out that the constant C is constrained to vanish by both the Einstein equations and the SUSY condition 1 δψ = 0. Looking ahead, this can be easily seen by considering the b components of δψ = 0 and noting that all terms but one vanish because of the fields' independence of x b :
We then set C = 0 from the start and are left only with the task of specifying B and the allowed 1 This is no surprise, since δψ = 0 automatically satisfies GMN = TMN [16] .
values of p. Based on this metric, the Ricci tensor breaks up into
leading to the Einstein tensor
Variation of the matter part of the action with respect to the metric yields the stress tensor
The universal axion's field equation (13) implies a solution of the form
where H is an arbitrary function satisfying ∆H = 0, and α ∈ R. Similarly, the axions' field equation (12) leads to e σ |ΛdΞ − αdH |Ξ = β |dK where |∆K = 0 and β ∈ R.
Since we are only interested in bosonic solutions, we consider the vanishing of the supersymmetric variations (15, 16) , which may be rewritten in matrix form as follows
The vanishing of the determinants gives the BPS conditions:
Using this with (3) we find
where we have used
as required by the reality of the axions. The dilaton's equation (10) then becomes
Finally, the components of the Einstein equations reduce to
It can be easily shown that the equations in (32) cannot be simultaneously satisfied for the case α = 0. They either lead to an imaginary B or to trivial solutions with constant complex structure moduli [17] . On the other hand, the case of nonvanishing α leads to exactly two nontrivial solutions.
These are p = 0, 1. In what follows, we study only the zero-brane case, deferring the study of the one-branes to future work.
IV The Fields
For p = 0, equations (29), (31) and (32) are identically satisfied for any value of the constant B if
The last equation of (33) implies the simple ansatz e 2Bσ = H, which leads to B = 1/2 and α 2 = 5. Hence, the dilaton is fully specified in terms of H:
while the universal axion is, so far
To find an expression for the axions, we look again at the vanishing of the hyperini transformations (15) and (16) and make the simplifying assumption ǫ 1 = ±ǫ 2 . This leads to:
These are the symplectic components of the full vector:
Clearly, the reality condition |dΞ = |dΞ as well as the Bianchi identity on the axions are trivially satisfied. One can now substitute (37) in (25) to get
The remaining field equations (11) are slightly simplified as a consequence of the third result of (33). They reduce to
and similarly for its complex conjugate counterpart. These cannot, however, be explicitly solved without knowledge of a metric on M C . However, one can conjecture several constructions. For instance, a direct dependence on dσ can be assumed:
where m and A are arbitrary constants. Equation (39) imposes the following constraint on the unknown functions f i :
which may further be simplified by the choice m = A = 1 yielding the condition:
Adopting this ansatz, equation (38) can now be rewritten as
where, without loss of generality, we have chosen β = 0. The first equation in (33) leads to the additional constraint:
Using these results, we find
where c is an arbitrary integration constant related to the asymptotic value of a. Finally, solving the SUSY condition δψ = 0 gives the following form for the spinors ǫ 1 = e nσ+Υǫ , where
The quantity q is a coupling constant relating the behavior of the fields to each other and to gravity. Since the metric is asymptotically flat; the ADM mass of the brane is easily calculable and is clearly proportional to q. Since the value of q can be either positive or negative, we note the following: For positive values of q the solution is entirely smooth between the central singularity and infinity. While for the case of negative q, a curvature singularity exists at r = |q|. As such the negative q result has two singularities, one at r = 0 and the other constituting an S 3 surface with radius r = |q|. In both cases the singularities are naked; no horizons exist.
V Conclusion
The primary objective of this work was to apply the methods developed in our earlier paper [13] and construct D = 5 hypermultiplet fields in a specific spacetime background, simply by exploiting the symplectic symmetry of the theory and finding solutions that are based on symplectic invariants and vectors. In so doing, we have also shown that only two (Poincaré) p+1 × SO (4 − p) backgrounds are allowed (within the symmetries assumed). Focusing on one of these possibilities, we constructed a zero-brane coupled to the hypermultiplet fields of N = 2 supergravity. The metric and fields are well behaved in the far field region and are dependent on the ADM mass of the brane. We found explicit expressions for the metric, dilaton and the universal axion. On the other hand the axions are dependent on spacetime-unspecified symplectic basis vectors and the moduli are proportional to an unknown set of functions f i , satisfying specific conditions, which we also derived. What we have then is a complete symplectic solution, but a partial spacetime one. Clearly, a full solution hinges on the values of f i , i.e. on solving the aforementioned constraints, or equivalently on solving (39). This is unlikely to be possible without a full understanding of the structure of the CY submanifold.
In reverse, however, further study of these functions may provide clues to the underlying manifold.
Although we have focused on the p = 0 solution, the setup investigated here also admits a p = 1 configuration. We plan to continue in this direction and study the possible constraints on the moduli (similar to f i ) that should arise.
